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Abstract
We present a general approach for the formulation of
equations of motion for compact objects in general rel-
ativistic theories. The particle is assumed to be moving
in a geometric background which in turn is asymptot-
ically flat. Our approach defines a model for particle
like objects which emphasizes different aspects of a set
of gravitating objects; by concentrating in the main con-
tributions coming from back reaction effects due to grav-
itational radiation.
1 Introduction
Recently, the first direct detections of gravitational
waves[1, 2, 3, 4, 5, 6, 7] have been announced. Thus
a new way to observe the Universe and to receive in-
formation from it has become operative. In particular,
with current detectors we expect to learn more about
astrophysical processes involving systems with presence
of strong gravitational fields and high relative velocities
among compact bodies like black holes or neutron stars.
Although the detectors were not operating at maxi-
mum power and sensitivity the first detected signal was
strong enough to be easily observed. When in the near
future, the detectors acquire the expected designed sen-
sitivity there will be even better defined signals in which
the fine physical interpretation of the data will become
an active area of research. Furthermore, with the higher
sensitivity it comes the bigger cosmic volume that the
detectors can explore, and therefore one also expect to
observe a variety of systems with many different phys-
ical situations. The work for full numerical relativity
calculations will probably have to extend to unexpected
initial conditions. Under this circumstances the need to
estimate the most appropriate initial conditions of the
system, will require for physical models that can handle
strong gravity and back reaction in the dynamics.
Among the frequently approximate methods used we
can mention the post-newtonian methods[8, 9, 10], the
self-force approach[11, 12], and models based on effec-
tive one body approach[13] techniques, etc. In particu-
lar for the case of a binary system of black holes, it is
a good starting model to think the system as consisting
of point particles whose dynamics is described in a flat
background with corrections due to the perturbations
originated by the rest of the components of the system
and the particles itself. All these approaches have their
advantages and limitations, namely validity range, ease
of computation, etc. However in order to arrive to these
kind of models one needs to settle several issues, as for
example what is the notion of particles in the general
relativity framework that one should use.
Several related questions arise: what is the convenient
structure that one should assume for the corresponding
particle? in what way one could refer to the related
equations of motion? how should one determine the cor-
responding equations of motion?
In reference [18] we have presented a new derivation
of the equation of motion of charged particles in a flat
background, interacting with an non-radiating external
field, which balance the electromagnetic radiation. The
new equations of motion is
(m˙− α¨)va +mv˙a + αv¨a = eF (B)ab vb +
2
3
e2v˙bv˙bv
a; (1)
where we are using abstract indices a, b, ..., and beyond
the standard massm, four velocity va, charge e and elec-
tromagnetic field tensor F , there appears the new degree
of freedom α, depending on the proper time τ , a dot over
a scalar means derivative with respect to τ and over a
vector means the covariant derivative in the direction of
the vector va.
This equation can also be decomposed in terms of its
projection in the direction of the velocity
m˙− α¨+ αa2 = −2
3
e2a2; (2)
and its orthogonal complement
mv˙a = eF (B)ab v
b − α(v¨a − a2va). (3)
We have shown that this approach is successful for the
derivation of the equations of motion, since it agrees with
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the well known Lorentz-Dirac dynamics for a particular
case.
It is our goal to construct the analog to equation (1)
for the gravitational case; where the variation of total
momentum per unit time is balanced with radiation at
infinity and some delicate issues related to this problem
are solved. The present approach for building the equa-
tions of motion has in mind that one is concerned with
the first order back reaction effects coming from the fact
that accelerated masses radiate gravitationally. When
dealing with complex systems, if one is interested in
higher order effects, then one should improve the model
to the appropriate order. We here focus on the presen-
tation for the construction of the equations of motion
that take into account the first order back reaction ef-
fects due to gravitational radiation, within a wide class
of general relativistic theories; previous to the fixing of
a particular field equation. We do assume however that
the energy momentum tensor is divergent free, and that
isolated bodies are well represented by asymptotically
flat spacetimes[19].
One may ask why another work should be studied that
considers the momentum balance as a starting point for
the derivation of the equations of motion. However, in
this article we deal with several aspects that are not
usually discussed in the literature, and what is more,
regardless of the final field equations.
Of course referring to particles in the context of gen-
eral relativity raises several issues. To begin with, the
concept of particle involves the idea of a very com-
pact object; but when one makes an object smaller and
smaller, one does not end with a point like object but
with a black hole. Secondly, if one defines particles as
objects with a distributional energy momentum tensor
with support on a timelike world line, one faces the prob-
lem of regularity of the spacetime. In this respect in
reference [20] Geroch and Traschen define a notion of
regular manifolds that admit distributions; and one di-
mensional distributions are not allowed in 4-dimensional
manifolds. But one can always consider one dimensional
distributions as the sources of the linear field equation
on backgrounds; and this is the approach we use here.
In particular, we will present here the formal aspect
and the problems that could arise in a model for a com-
pact object, treated as a particle on an appropriately
chosen flat background. The idea one has in mind is to
apply this construction to a binary system, so that each
of the compact objects will be treated likewise. The flat
background metric by construction will share the same
asymptotic region as the full metric of the spacetime: so
that one of the inertial systems at infinity would be re-
lated to this flat global metric. In the present work, we
only use the linear structure of the undetermined field
equations. We will clarify this point below.
We take the opportunity in this article to study all
the issues that one should tackle in the construction of
balanced equations of motion for particles in general rel-
ativistic theories, prior to the choice of field equations
and specific gauges in the calculation. The relation that
we will make with the asymptotic structure of isolated
systems is very detailed and we have not found simi-
lar analysis in the literature. The main objective in this
work is the construction of the general form of a balanced
equations of motion, for a wide class of field equations,
which are independent of the gauge one is using. For
this reason, some of the topics that we discuss here, and
the differences mentioned above, of our model with other
approaches, can only be investigated in detail after the
field equations and specific gauges have been settled.
Since in this work we deal with several issues related
to the project of constructing balanced equations of mo-
tion that have been neglected in the past, we need to go
through all these issues in detail; for this reason we orga-
nized this paper as follows. The basic concepts inherent
to a description of a particle, along with a precise relation
between intrinsic angular momentum and center of mass
is presented in section 2. The description of the local
dynamics of the particle is done in section 3. The prob-
lematic of asymptotically flat spacetimes at future null
infinity, including the supertranslation problem, the ap-
propriate description of global physical quantities, and
a gauge invariant treatment of gravitational radiation,
is presented in section 4. A detailed discussion of the
relation between internal convenient tetrads and asymp-
totic convenient tetrads, along with a suggestion of a
new asymptotic flat background metric associated with
the asymptotic center of mass, is carried out in section 5.
All these preliminaries are taken into account in the pre-
sentation of our main result which is the general form of
the balanced equations of motion, appearing in section
6. We conclude with general remarks and comments in
the last section.
2 Preliminaries
In this section we review some basic concepts in special
relativity that include center of mass, intrinsic angular
momentum and distributions; with the intention to clar-
ify in detail the fundamental concepts that we are gen-
eralizing to the dynamics of a compact object, and so
prevent future explanatory discussions.
So, since we are warning of the basic level of this sec-
tion, we advice, for the reader interested in getting im-
mediately into the subject, to just jump to the third
following section.
2.1 Particles as isolated objects in
special relativity
The notion of a point like object in a fixed background is
normally presented through an energy momentum tensor
which has support only on a timelike world line.
The first case one should understand is of course the
flat background case.
Consider the situation in which a distribution of mat-
ter that has support within a world tube of finite size.
Later we will take the limit in which the tube collapses
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to a timelike line.
Having a flat background we have at our disposal
the translational Killing vectors Ka =
∂
∂xa
, with a =
0, 1, 2, 3, and also the rotational Killing vectorsKab(ξ) =
ηac(x
c−ξc) ∂
∂xb
−ηbc(xc−ξc) ∂∂xa ; which are the generator
of Lorentz rotations around the point ξc.
The matter is represented by the energy-momentum
tensor Tab. Note that we are using the notation a, b, c
for abstract indices while underlined indices are numeric.
Then, at zero order, the energy-momentum tensor satis-
fies that its divergence is zero, namely:
∇ · T = 0 . (4)
Let Ka denote any of the Killing symmetries, then,
for each symmetry one has a conserved quantity; in
fact it has been explained elsewhere [21, 18] how these
conserved quantities can be related to spheres that
‘surround’ the sources. Let us define the three form
Dabc(K) = T de Keǫabcd; then its exterior derivative is
dDabcd = k∇f
(
T fe K
e
)
ǫabcd, where k is a constant.
This exterior derivative vanishes due to the fact that
the divergence of T is zero and K is a Killing symmetry.
Then if Σ is a three dimensional region, such that the
world tube goes through its interior, the quantity
Q =
∫
Σ
D(K); (5)
is conserved; in the sense that if Σ′ is any other three di-
mensional region, such that the world tube goes through
its interior, then, the integration of D on Σ′ also gives
Q. Another way of seeing this is the following: if the
boundary of Σ is the sphere S, then for any other hy-
persurface Σ′ with the same boundary the calculation
of the quantity Q will give the same value; so that at
the end, one associates Q to a given surface S. In this
work, we use analogous ideas for the case of gravitating
objects, and we will think of these spheres as residing at
future null infinity; where the total momentum and flux
of gravitational radiation are evaluated.
Using these structure one defines Pa by
Pa =
∫
Σ
D(Ka); (6)
as the components of the conserved total momentum,
and also
Jab(ξ) =
∫
Σ
D(Kab(ξ)); (7)
as the components of the conserved total angular mo-
mentum.
Let us observe that
Jab(ξ2)−Jab(ξ1) = ηac(ξc1−ξc2) Pb−ηbc(ξc1−ξc2) Pa; (8)
or in other words
Jab(ξ2) = J
ab(ξ1) + (ξ
a
1 − ξa2 ) P b − (ξb1 − ξb2) P a. (9)
It is probably worthwhile to notice that if one acts with
Lorentz transformations on the initial frame ea ≡ ∂∂xa ,
then the set of quantities Pa transforms as components
of a co-vector, while the set Jab transforms as the com-
ponents of an antisymmetric tensor.
Let us emphasize again that Jab(ξ) is conserved for
any ξ. But one could consider, for example ξ1(τ1) as
a timelike world line with proper time τ1. Therefore,
calling v
a
1 =
dξa
dτ1
one has
d
dτ1
Jab(ξ1) = v
b
1 P
a − v a1 P b. (10)
Note that if one chooses v1 to be parallel to P , then
d
dτ1
Jab(ξ1) = 0. (11)
Also, let us note that fixing ξ2, one has
Jab(ξ1)Pb = J
ab(ξ2)Pb − (ξa1 − ξa2 ) P 2 + (ξb1 − ξb2)Pb P a;
(12)
so that one can always pick a ξ
a
1 so that
Jab(ξ1)Pb = 0. (13)
Using a rest frame, in which the generator of time trans-
lations is aligned with the total momentum P a; in other
words, its spacelike components are zero; i.e., P i = 0
with i = 1, 2, 3; one has J i 0(ξ1) = 0 and so∫
Σ
(xi−ξi1)T 00ǫΣ =
∫
Σ
(x0−ξ01)T i0ǫΣ = (x0−ξ01)P i = 0;
(14)
and therefore one arrives at the center of mass coordi-
nates
ξicm =
1
M
∫
Σ
xiT 00ǫΣ; (15)
where now Σ is an adapted hypersurface x0 =constant,
ǫΣ is the volume element, and we have used P
0 = M in
the rest frame. For this reason condition (13) is used[22]
for defining center of mass in special relativity. Then
all other points that are translated parallel to P are also
center of mass points; which means that the center of
mass world line has velocity v = P
M
.
Now, let us consider the case in which the world tube
gets smaller until it collapses to the timelike world line
z. In this case xi is compelled to be evaluated at the
world line; and since P 0 = M , one has that the center
of mass ξ
i
cm is at the world line z.
2.2 The intrinsic angular momentum
The intrinsic angular momentum Sab is defined as the
angular momentum evaluated at the center of mass,
namely:
Sab = Jab(ξcm). (16)
Since any contraction of Sab with P
a gives zero, there
are only three degrees of freedom involved in the intrinsic
angular momentum; so that, similarly as the magnetic
field is defined in terms of the electromagnetic tensor and
the volume element, one defines the spin vector from
Sa =
1
2
ǫabcdJ
bc(any ξ)P d; (17)
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which by construction is orthogonal to P a, and so it only
involves three degrees of freedom. This is also known as
the Pauli-Lubanski pseudovector.
In (17) we have emphasized the fact that the spin vec-
tor can be calculated with respect to any choice of refer-
ence center ξ; since the contraction with the momentum
vector eliminates this dependence.
Then one can think in reconstructing the complete
angular momentum tensor from the spin vector. Let us
note that
ǫabcdScPd =
1
2
ǫabcdPdǫcefgJ
efP g
=− (M2Jab + P aJbdPd − P bJadPd)
(18)
One can see then that the intrinsic angular momentum
tensor, in terms of the spin vector, is given by
Sab =
1
M2
ǫabcdPcSd. (19)
Although we have previously introduced first the con-
cept of center of mass and then the one of intrinsic an-
gular momentum; this last equation allows us to define
the center of mass, in terms of the intrinsic angular mo-
mentum, in the following way:
• Let us first define the intrinsic spin vector Sa by:
Sa =
1
2
ǫabcdJ
bc(any ξ)P d. (17)
• Then let us define the intrinsic angular momentum
tensor Sab from:
Sab =
1
M2
ǫabcdPcSd. (19)
Let us emphasize that this definition only employs
intrinsic properties of the system, i.e.; it does not
recourse to any additional structure.
• Finally the center of mass points are defined as those
that satisfy:
Sab = Jab(ξcm). (16)
We conclude then that there is a one to one relation
between the concept of center of mass and intrinsic an-
gular momentum.
Then the total angular momentum with respect to an
arbitrary center ξ can be expressed in terms of the in-
trinsic angular momentum and the center of mass by:
Jab(ξ) = Sab + P a (ξb − ξbcm)− P b (ξa − ξacm) . (20)
One can see that the spin vector Sa is also conserved
along the world line.
It is also clear from this analysis that elementary par-
ticles can have momentum and spin but not dipole; as it
has been frequently assumed in the literature. By dipole
we precisely mean da = SabPb.
We have not considered here the case of electrically
charged particles since the energy momentum tensor we
have considered are of finite space support.
Of course one could consider composite particles which
have extra structure, beyond momentum and spin; and
then one is free to include the extra dynamics for the ex-
tra degrees of freedom, compatible with the conservation
of the energy momentum tensor.
2.3 Particles as compact objects in
curved spacetimes
One can use the concept of particle when the dimen-
sion of the object and its structure is such that only the
monopole nature is enough to describe its dynamics. In
the language of Mathisson[23, 24], the dynamical skele-
ton is described by a monopole.
Let us assume that in a neighborhood of the timelike
curve C we have at our disposal coordinates xa, so that
the curve is given by xa = za(τ), with dz
0
dτ
> 0. At each
point along the curve C we can express a 3-dimensional
delta function δ(3), in terms of local coordinates, with
support on C by
δ(3)
(
(x1 − z1(τ)), (x2 − z2(τ)), (x3 − z3(τ)))
=
1
dz0
dτ
√− det g δ(x
1 − z1(τ))δ(x2 − z2(τ))δ(x3 − z3(τ));
(21)
where det g is the determinant of the four metric.
Then, an energy momentum tensor for a monopole
particle with support on a timelike worldline C is
represented[12, 11] by
Tab(x
0 = z0(τ), x1, x2, x3) = M va(τ) vb(τ)
1
dz0
dτ
√− det g δ(x
1 − z1(τ))δ(x2 − z2(τ))δ(x3 − z3(τ)); .
(22)
Below we will specify further the expression that is used
in this work.
In the following sections we present the construction
of the model.
3 Local dynamics at zero order in
back reaction
As mentioned above, one of the objectives of the present
work is to discuss several general issues that must be
taken into account in the construction of the equations
of motion that can be applied to a binary system, in the
dynamical situation in which the back reaction effects
due to gravitational radiation are important. The model
is described in terms of an asymptotically flat spacetime
at future null infinity. For this reason we concentrate in
one particle, to which we assign the label A. The rest of
the system, which it could be another particle is assigned
label B.
It is our intention to construct a model for a binary
system that takes into account the leading order contri-
butions to the equations of motion. This is enough to
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force us to discuss a variety of issue that appear in this
type of problems. In order to obtain a high degree of
precision in the predicting power of the equations of mo-
tion, one should extend this work to higher orders. In
separate works we will present what we call first order
equations of motion, in the harmonic gauge, and second
order equations of motion in the null gauge. This instead
is the general treatment of the first order version of the
balanced equations of motion.
Let the metric g be the exact metric that corresponds
to an isolated binary system of compact objects. Then
there are infinite ways in which it can be decomposed in
a form:
g = η + hA + hB + hAB; (23)
where η is a flat metric, hA is proportional to a param-
eter MA, that one can think is some kind of measure of
the mass of system A, similarly hB is proportional to a
parameter MB, and hAB is proportional to both param-
eters.
Since we will deal with back reactions for each body,
we need to single out, at future null infinity, the gravita-
tional radiation corresponding to each object. Therefore,
we need, at this stage of the dynamics, to be able to dis-
tinguish terms in the geometry that correspond to each
of the binary components.
To study the gravitational radiation emitted by the
motion of particle A, we will model the asymptotic struc-
ture of a sub-metric
gA = η + hA; (24)
in order to calculate the reaction due to gravitational
radiation.
We adjust gA to model a compact object, which dy-
namics is affected by the existence of system B, and
therefore by the geometry determined by a sub-metric
gB = η + hB. (25)
The appropriate choice of the flat metric η was discussed
in article [25]; the basic idea is that it should be related
to a local notion of center of mass frame.
For the back reaction calculations, we need to capture
the leading order behavior of the metric; although taking
hA to agree in the linear regime with hA and also hB to
agree in the leading order with hB is enough for first
order back reaction, gravitational radiation effects.
Although in this work we will mainly use the geome-
tries (24) and (25), one can think that the model repre-
sents the combined system by a leading order approxi-
mation of the spacetime metric of the form
g = η + hA + hB; (26)
which is also assumed to be asymptotically flat at fu-
ture null infinity; so that one can discuss the effects of
gravitational radiation, and the metric can also be ex-
pressed as (35). For the purpose of accuracy in the dy-
namical calculations, we need hA and hB to represent as
close as possible the exact geometry of the binary sys-
tem; and therefore one should pursue this approach to
higher orders; trying to get as close as possible to the
exact representation of the metric.
Although we will be studying the dynamics of system
A, to simplify the notation we will avoid using a subindex
A, whenever possible.
The expression for the momentum of a particle can
be deduced from the conservation law for the energy-
momentum tensor.
The limit in which one considers particle A to be
‘small’ enough so that the radiation effects can be ne-
glected, gives rise to the zero order in λ approximation;
where λ is a parameter associated to the strength of grav-
itational radiation, that will be clarified below.
The zero order in λ equations of motion for particle A
comes from the zero order conservation equation for the
energy momentum tensor of this particle; namely
∇(B)a T ab(A) = 0. (27)
This zero order equations of motion is considered in
terms of an energy-momentum which is a distribution
on the background geometry g(B). Then, at this order,
for the energy momentum tensor of a monopole body A,
one must consider
T(A)ab(x
0 = z0(τ), x1, x2, x3) = MA v(A)a(τ) v(A)b(τ)
1
dz0
dτ
√− det g(B) δ(x
1 − z1(τ))δ(x2 − z2(τ))δ(x3 − z3(τ));
(28)
where det g(B) is the determinant of the metric g(B) and
(x1, x2, x3) are local spacelike coordinates.
Consider a small world tube around the world line of
the particle. Let e bc be a frame basis (an orthonormal
frame with respect to metric g(B)); where, as before, we
are distinguishing between the abstract indices (a, b, c, ..)
and the numeric frame indices (a, b, c, ...) and let θ
c
b be
its coframe. Then one can integrate, in the interior of
the world tube, the expression
0 =
∫
∇ a(B)
(
T(A)ab
)
e bc dV
4
=
∫
∇ a(B)
(
T(A)ab e
b
c
)
dV 4 −
∫
T(A)ab ∇ a(B)
(
e bc
)
dV 4
=
∫
T(A)ab e
b
c t
a
2 dV
3
2 −
∫
T(A)ab e
b
c t
a
1 dV
3
1 −∫
T
a
(A) b Γ
b
(B)a c e
b
b dV
4;
(29)
where ta2 is the vector gradient at the future bound-
ary, ta1 is the corresponding vector at the past bound-
ary, of an adapted time coordinate t = x0, namely
t
a = g ab(B) dtb, and Γ
b
(B)a c is the torsion free metric
connection of g(B).
We can always reparameterize the local time t, to
adapt it to this geometric construction, so that the fu-
ture boundary coincide with t+ dτ and the past bound-
ary coincide with t; where dτ is the increment in proper
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time along the curve C, between the two intersection
points of the curve with the future and past boundary
hypersurfaces of the world tube. Then carrying out the
integration on the right hand side, one obtains
MA g(B)(v(A), ec) g(B)(v(A), t)
∣∣
t+dτ
−MA g(B)(v(A), ec) g(B)(v(A), t)
∣∣
t
−MA va(A) v
d
(A) g(B)bd Γ
b
(B)a c e
b
b dτ ;
(30)
where all the calculation is done with respect to the back-
ground metric g(B). Let us note that, from the choice of
t, we have g(B)(v(A), t) = v(A)(t) = 1.
Then, the local notion of momentum is obtained, from
P(A)c = MAg(B)(v(A), ec); (31)
so that one has
0 = P(A)c
∣∣
τ+dτ
−P(A)c
∣∣
τ
−MAva(A)v
d
(A)g(B)bdΓ
b
(B)a c e
b
b dτ .
(32)
Dividing by dτ and taking the limit to zero, the first
two terms constitute the total derivative
d
dτ
P(A)c =v
e
(A)∇(B)eP(A)c
=MA g(B)ab
(
v e(A)∇(B)e(v a(A) )e bc
+v a(A) v
d
(A)Γ
b
(B)d c e
b
b
)
;
(33)
where in the first equality we are using that the vector
v e(A) has unit modulus with respect to g(B). Then sub-
stracting the last term of (32) one obtains, from (29), at
zero order in back reaction due to gravitational radia-
tion, the well known equation
MA g(B)ab
(
v e(A)∇(B)e(v a(A) )e bc
)
= 0. (34)
In what follows we will study the corrections to this
equation coming from back reaction effects due to grav-
itational radiation.
In order to make a connection with the asymptotic
discussion we identify the basis field vectors e bc with four
translational Killing vectors of the background metric in
the asymptotic region.
4 General asymptotically flat
spacetimes
4.1 Particles as isolated objects in
curved spacetimes
When considering a compact object as isolated, in the
framework of isolated spacetimes, one realizes that in
general one can ascribe a flat background to the space-
time. More concretely, in the asymptotic region one can
always write the metric as
g = ηasy + hasy; (35)
where ηasy is a flat metric associated to inertial frames
in the asymptotic region and hasy the tensor where all
the physical information is encoded.
In reference [26] we have indicated how to construct
a family of inertial Bondi frames in a neighborhood of
future null infinity. They include the determination of a
null tetrad and associated null coordinate system in the
asymptotic region. For each choice of inertial frame, the
metric adopts a decomposition of the form (35). But,
the warning is that there are as many inertial frames
as there are proper supertranslation generators of the
asymptotic BMS[27] symmetry group. Therefore, there
are as many flat metrics ηasy as there are proper su-
pertranslation generators. This is the reason why this
asymptotic region is not asymptotically Minkowskian;
since there are too many flat background geometries.
By asymptotically Minkowskian we mean a spacetime
which in the asymptotic region is decomposed in terms
of a unique flat metric.
Also, one knows that the difficulties in finding appro-
priate rest frames comes from the existence of gravita-
tional radiation[28, 29, 30]. Although in the past we have
found a way to select rest frames based on the notion of
center of mass and intrinsic angular momentum[31, 32].
In other words, for each point at future null infinity, we
have a way to single out a unique decomposition of the
metric in the form (35), with an appropriately selected
flat background.
This complicated structure of rest frames in the
asymptotic region and its subtle relation with corre-
sponding symmetries of flat backgrounds in the interior
has normally been neglected in works dealing with equa-
tions of motion of particles in relativistic theories; on the
contrary we choose to take into account these effects at
the beginning for the discussion of back reaction on the
motion of compact objects.
4.2 The leading order behaviour of an
adapted null tetrad
Let now u denotes a null hypersurface that contains fu-
ture directed null geodesics that reach future null infin-
ity.
One can express the asymptotic geometry in terms of a
complex null tetrad (ℓa,ma,ma, na) with the properties:
gab ℓ
a nb = −gab ma mb = 1, (36)
and all other possible scalar products being zero; so that
the metric can be expressed by
gab = ℓa nb + na ℓb −ma mb −ma mb . (37)
Here, and whenever dealing with null tetrads we will
make use of the GHP[33] notation.
Using the null polar coordinate system
(x0, x1, x2, x3) =
(
u, r, , x2, x3)
)
one can express
the null tetrad as:
ℓa = (du)a (38)
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ℓa =
(
∂
∂ r
)a
(39)
ma = ξi
(
∂
∂xi
)a
(40)
ma = ξ
i
(
∂
∂xi
)a
(41)
na =
(
∂
∂ u
)a
+ U
(
∂
∂ r
)a
+X i
(
∂
∂ xi
)a
(42)
with i = 2, 3.
4.3 The total momentum
Given any section S at future null infinity, the total mo-
mentum of a generic spacetime, in terms of an inertial
(Bondi) frame[26], is normally given[34] by
Pν = − 1
4π
∫
S
lˆν0(Ψ
0
2 + σ0 ˙¯σ0)dS
2, (43)
where the auxiliary null vector lˆ0(x
2, x3), is defined in
terms of the angular coordinates (x2, x3), by
lˆν0 (x
2, x3) ≡
(
1, sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)
)
=
(
1,
ζ + ζ¯
1 + ζζ¯
,
ζ − ζ¯
i(1 + ζζ¯)
,
ζζ¯ − 1
1 + ζζ¯
)
;
(44)
where µ, ν, · · · = 0, 1, 2, 3, and we are using either the
standard sphere angular coordinates (θ, φ) or the com-
plex angular coordinates ζ = xˆ
2+ixˆ3
2 , where (ζ, ζ¯) are
complex stereographic coordinates of the sphere; which
are related to the standard coordinates by ζ = eiφ cot( θ2 );
and here a dot means ∂
∂u˜
; i.e. the partial derivative with
respect to the inertial asymptotic time u˜, Ψ02 is a com-
ponent of the Weyl tensor in the GHP notation and σ0
is the leading order behavior of the spin coefficient σ
in terms of the asymptotic coordinate rˆ. So the set of
intrinsic inertial coordinates at future null infinity are
(u˜, θ, φ) or (u˜, ζ, ζ¯).
4.4 The total momentum and flux from
charge integrals
The total momentum for the monopole particle can be
calculated using the charge integral of the Riemann ten-
sor technique. In this subsection we will use the notation
of reference [31].
Let us note that for any 2-form w defined on a sphere
S, one can define the charge integral[31] obtaining
QS(w) = 4
∫
[−w˜2(Ψ1 − Φ10)+ 2w˜1(Ψ2 − Φ11 − Λ)
−w˜0(Ψ3 − Φ21)] dS2 + c.c.
(45)
where (w˜0, w˜1, w˜2) are the components of wAB with re-
spect to the dyad adapted to S, namely for which the
vectors m and m¯ are tangent to S and ℓ is outgoing, and
dS2 is the area element induced from the spacetime met-
ric. If w has a regular extension to future null infinity,
denoted by I +, we can take the limit of S to a section
of I + obtaining
QS(w) = 4
∫ [−w2Ψ01 + 2w1Ψ02 − w0Ψ03] dS2
+ c.c.
(46)
where the upper-script 0 denotes the leading order term
expansion of the Weyl spinor components. The charge
integral at I + turns out to be independent of the Ricci
tensor since as we have shown in [19] for any asymptoti-
cally flat spacetime, the components of the Ricci tensor
go to zero faster than the accompanying Weyl compo-
nents in the above terms.
The motivation for these charges, is that they repro-
duced the known charges in the case of linearized Ein-
stein’s field equations. In the following, we assume that
independent of the exact nature of the final field equa-
tions, they reduce in the linear regime to the same equa-
tions as those obtained starting from Einstein’s equa-
tions. Using the equations of reference [33] one can ob-
tain expressions for the asymptotic fields with respect to
an inertial reference frame: the radiation field is given
by
Ψ3 =
ð0σ
′
0
r2
+O( 1
r3
), (47)
while the relation between the leading order behavior of
the shear and primed shear is
σ˙0 = −σ¯′0. (48)
The time derivative of the leading order behavior of Ψ2
is
Ψ˙02 = ð0Ψ
0
3 + σ0Ψ4, (49)
and the leading order behavior of the radiation compo-
nent is
Ψ04 = σ˙
′
0. (50)
In the standard presentation, in terms of an inertial
frame, one has Ψ03 = −ð ˙¯σ0, and using equation (38) of
[31] one can write the charge integral as
QS(w) = 4
∫ [−w2Ψ01 + 2w1(Ψ02 + σ0 ˙¯σ0)] dS2
+ c.c.
(51)
We would rather like to emphasize the natural appear-
ance of the σ′0 field in these equations, instead of the
normally used σ0; so that we express:
QS(w) = 4
∫ [−w2Ψ01 + 2w1(Ψ02 − σ0σ′0)] dS2
+ c.c.
(52)
In the calculation for the flux of the momentum one takes
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w2 = 0, and obtains:
Q˙S(w) =4
∫ [
2w1(Ψ˙
0
2 − σ˙0σ′0 − σ0σ˙′0)
]
dS2 + c.c.
=4
∫ [
2w1(ð0Ψ
0
3 + σ0Ψ4 − σ˙0σ′0 − σ0σ˙′0)
]
dS2 + c.c.
=4
∫
[2w1(σ¯
′
0σ
′
0)] dS
2 + c.c.
(53)
where the time derivative is with respect of an inertial
time. We conclude that the natural way to encode the
radiation flux of momentum is in terms of the (σ′0σ¯
′
0)
factor.
The final form of this radiation field σ′0 will depend on
the particular gauge one uses for the calculation; how-
ever we advance here that this field is gauge invariant in
the inertial harmonic frame discussion, as we will show in
a separate article. Instead, the field σ0 depends on nat-
ural new freedoms that appear in the harmonic gauge
treatment.
It follows that the time variation of the total momen-
tum, of a generic spacetime, can be expressed by
P˙µ = − 1
4π
∫
S
lˆµ0σ
′
0σ¯
′
0dS
2 ≡ −Fµ; (54)
that is, Fµ is the total momentum flux.
Since in the dynamics of a particle one normally makes
use of a notion of proper time; it is natural to express the
dynamical equations in terms of this frame independent
time parameter. This proper time will be related with a
corresponding time variable at future null infinity. Let
u =constant represent a general time coordinate and set
of sections such that
∂u˜
∂u
= V˜ (u, ζ, ζ¯) > 0, (55)
is the time derivative of the inertial time u˜ with respect
to the non-inertial time u; so that we can use the inertial
coordinates or the non-inertial coordinates (u, ζ, ζ¯). This
means that given the initial section S one can define
a new consecutive section S′ so that both sections are
defined by the condition u =constant.
Let us remark that the total momentum can be ex-
pressed in terms of the supermomentum M
ΨM = Ψ
0
2 − σ0σ′0 + ð2σ¯0, (56)
that we have presented elsewhere[28]; so that the mo-
mentum is:
Pµ = − 1
4π
∫
S
lˆµ0 ΨM dS
2; (57)
where S is a general section at future null infinity. An im-
portant property of the supermomentum M is the trans-
formation law under BMS transformations, namely[29]
:
ΨM =
1
K3
(
ΨM − ð¯2ð2γ
)
; (58)
where K represents here the Lorentz factor, and γ the
supertranslation. From this it can be easily deduced
that, a supertranslation does not affect the calculation
of the total momentum. Alternatively, if one uses a sec-
tion that does not coincide with a section u˜ =constant,
then one can still use expression (57) to calculate the
momentum.
The time variation of the total momentum with re-
spect to the inertial time can be expressed simply in
terms of the time variation of this supermomentum, since
Ψ˙M = σ
′
0 σ¯
′
0. (59)
Then when evaluating the time variation of the mo-
mentum with respect to the non-inertial time variable u,
one needs to consider
∂ΨM
∂u
= V˜
∂ΨM
∂u˜
= V˜ σ′0 σ¯
′
0; (60)
so that
dPµ
du
= − 1
4π
∫
S
lˆµ0 V˜ σ
′
0 σ¯
′
0 dS
2 = −FµV ; (61)
where now FµV is the instantaneous momentum flux with
respect to the dynamical time u, and S is defined by the
u =constant condition.
This means that even when considering non-inertial
times, one only needs to calculate the inertial primed
shear to evaluate the flux of gravitational radiation.
4.5 Expansion of a radiating spacetime
in terms of the strength of the radi-
ation (The λ expansion)
One important aspect of the gravitational field is that for
many interesting astrophysical systems the gravitational
energy radiated is weak. Also most of the difficulties that
arise at future null infinity in the construction of appro-
priate rest reference frames[29] come from the presence
of gravitational radiation. It is therefore tempting to ex-
pand the structure equations of an asymptotically flat
spacetime in terms of the strength of the gravitational
radiation.
We will use the smallness parameter λ and assign to
the momentum flux the order O(λ2).
Every field at I + can be expanded as a series with
different powers of λ; that is for a field f(u, ζ, ζ¯) we will
write
f(u, ζ, ζ¯) = f0(ζ, ζ¯)+λ f1(u, ζ, ζ¯)+λ
2 f2(u, ζ, ζ¯)+O(λ
3).
The idea is to carry out this expansion on the ‘center of
mass frame’ defined in terms of ‘nice sections’[28].
For a general asymptotically flat spacetime[19] we will
define the order λ by asigning σ′0 to be of order λ, that
is:
σ′0 ≡ O(λ); (62)
where σ′0 is the leading order behavior of the GHP spin
coefficient σ′, in an asymptotic null inertial frame.
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5 Relation between null tetrads of
the flat and curved geometries
In this section we will study the relation of the different
tetrads that appear when one considers the decomposi-
tion of the metric g with respect to diverse backgrounds.
5.1 The general case
For each decomposition of the metric of the form
gab = ηab + hab; (63)
we have at our disposal two families of null tetrads; one
for each of the metrics.
Let us call e1,2,3,4 = (l, n,m, m¯) a null tetrad of g
and e1,2,3,4 = (l,n,m, m¯) a null tetrad of η. Since both
metrics have the same asymptotic future null infinity we
can take those tetrads so that they agree asymptotically.
But one should have in mind that the flat metric η that is
used in the interior of the spacetime, need not agree with
an asymptotic inertial flat metric at future null infinity.
Let us use G for the gravitational constant; then, h is
order O(G) and one can express
ea = ea +Gd
b
a eb. (64)
Then, taking all the contractions with the metric, up
to second order, one obtains
g(ea, eb) =ηab
=ηab+Gd
c
a ηbc +Gd
c
b ηac +G
2 d ca d
d
b ηcd
+ hab+Gd
c
a hbc +Gd
c
b hac +G
2 d ca d
d
b hcd.
(65)
Let us use j
c
a to denote minus half the antisymmetric
part of d
c
a ; namely, jab ≡ j ca ηbc = −j cb ηac; the one has
Gd ca ηbc = −
1
2
hab − 1
2
j ca ηbc +O(G2); (66)
or alternatively
Gd ca = −
1
2
hab η
bc − 1
2
j ca +O(G2). (67)
For the first basis vector, one has
l = e1 = e1 +Gd
b
1 eb = e1 −
1
2
(h1b + j1b) η
bc
ec
= l− 1
2
(
hll n+ hln l− hlm m¯− hlm¯m
)
− 1
2
(
jll n+ jln l− jlm m¯− jlm¯m
)
.
(68)
And similarly for the other null tetrad vectors one also
has:
n =n− 1
2
(
hnl n+ hnn l− hnm m¯− hnm¯m
)
− 1
2
(
jnl n+ jnn l− jnm m¯− jnm¯m
)
,
(69)
m =m− 1
2
(
hml n+ hmn l− hmm m¯− hmm¯m
)
− 1
2
(
jml n+ jmn l− jmm m¯− jmm¯m
)
,
(70)
and
m¯ = m¯− 1
2
(
hm¯l n+ hm¯n l− hm¯m m¯− hm¯m¯m
)
− 1
2
(
jm¯l n+ jm¯n l− jm¯m m¯− jm¯m¯m
)
.
(71)
It can be seen that this can easily be extended to sec-
ond order by generalizing (64) to
ea = ea +Gd
b
(1)a eb +G
2 d
b
(2)a eb +O(G3). (72)
We could also define the the co-basis fa and fa from
faa ≡ ηab e cb gca, (73)
and
f
a
a ≡ ηab e cb ηca. (74)
In terms of the co-basis notation one would express
the departure from the flat basis in terms of the quantity
∆f
a
b given by
fa = fa +∆f
a
b f
b. (75)
Then in first order one has
δ ba =eaf
b
=
(
ea +Gd
c
(1)a ec
)(
f
b +∆f
b
d f
d
)
=δ ba +Gd
b
(1)a +∆f
b
a;
(76)
which means that
fa = fa −Gd ab f b; (77)
and also note that f1,2,3,4 = (n, l,−m¯,−m); where we
are omitting the abstract index denoting the one-form
character of the expressions.
We are using the implicit notation in which, with the
exception of the expressions ea, the indices a refer to
components with respect to the tetrad vectors ea.
Then, one could also work with this co-basis for the
calculations; but we will continue with the vectorial rep-
resentation.
5.2 Relation with the asymptotic struc-
ture
In the study of asymptotically flat spacetimes one nor-
mally recurs to the conformal techniques so that the con-
formal metric
g˜ab = Ω
2gab, (78)
is regular at future null infinity. One can then define the
regular tetrad at infinity given by[26]
lˆa = Ω−2la (79)
mˆa = Ω−1ma (80)
nˆa = na. (81)
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The asymptotic structure provides several ways in
which one can decompose the asymptotic metric in terms
of a flat background ηasy and a deviation term hasy; so
that
g = ηasy + hasy. (35)
Let us assume for a moment that we have one such
decomposition.
For those decompositions, one can also define
η˜ab = Ω
2ηab; (82)
which must coincide asymptotically with g˜ab. In other
words, the components of Ω2hab in terms of any regu-
lar tetrad must go to zero like Ω. Equivalently we may
express
Ω2h
aˆbˆ
=
1
r
h(0)aˆbˆ +
1
r2
h(1)aˆbˆ +
1
r3
h(2)aˆbˆ + . . . (83)
where the indices aˆ, bˆ, ... refer to a regular tetrad com-
ponents and r is an appropriate asymptotic radial coor-
dinate.
Some specific tetrad components are:
Ω2h
lˆlˆ
= Ω−2hll =
1
r
h(0)lˆlˆ+ . . . = Ω
−4 1
r
h(0)ll+ . . . , (84)
Ω2h
lˆmˆ
= Ω−1hlm =
1
r
h(0)lˆmˆ + . . . = Ω
−3 1
r
h(0)lm + . . . ,
(85)
Ω2hmˆmˆ = hmm =
1
r
h(0)mˆmˆ + . . . = Ω
−2 1
r
h(0)mm + . . . ,
(86)
Ω2hnˆnˆ = Ω
2hnn =
1
r
h(0)nˆnˆ + . . . =
1
r
h(0)nn + . . . ; (87)
from which we can see that the most asymptotically di-
vergent tetrad component is hnn which could grow as
Ω−1. This means that we could also express
Ω2hab =
1
r
h[0]ab +
1
r2
h[1]ab +
1
r3
h[2]ab + . . . (88)
where the indices a, b, ... refer to a standard tetrad com-
ponents. The relations (79)-(81) provide with the trans-
formations between the components h(i)aˆbˆ and the com-
ponents h[j]cd.
When considering the case of Einstein equations of
general relativity, the natural question arises: Do the
solutions to the linear problem in standard gauges have
this natural asymptotic decomposition? One can check
by direct calculation, of the Schwarzschild solution in the
harmonic gauge that, for example, the component
hll = −4MA
r
+O( 1
r2
); (89)
which is even true for the Schwarzschild solution in the
standard coordinate system; where in both cases we take
the vector l to be l = ∂
∂t
+ ∂
∂r
, in terms of their intrinsic
spherical coordinates. Therefore we conclude that the
answer is negative; and so we do not expect all of the
above relations, for the asymptotic behaviour of the null
tetrad components of the solution h, to apply.
However, the Schwarzschild solution is asymptotically
flat; so one could still use the assignment for the first or-
der null tetrad, based on the given null tetrad of the flat
background metric associated to the solution h, as given
previously, to calculate all of the asymptotic quantities,
including radiation field and curvature components.
5.3 Relation between the interior flat
metric and the asymptotic flat met-
rics
It is also important to remark that in having a decom-
position in the interior of the form
gab = ηab + hab; (63)
in which the flat metric ηab does not belong to the fam-
ily of adapted asymptotic flat metrics ηasy; when one
considers two points in the spacetime (Mη, ηab), the two
future directed null cones define two sections at future
null infinity that it will be related by a BMS translation
at I +η , of the spacetime (M , ηab); but it will not co-
incide in general with a BMS translation at future null
infinity I +g , of the original spacetime (M , gab). Instead,
these two sections will be related by a supertranslation.
It is because of this reason that an inertial (Bondi) sys-
tem with respect to the spacetime structure (Mη, ηab)
might not coincide in general with inertial systems of
the spacetime structure (M , gab). More concretely, sec-
tions u˜ =constant of a inertial system of (M , ηab), at
the boundary manifold I +, will be defined by a family
α(uB, ζ, ζ¯), in terms of a inertial system of the asymp-
totic structure of the spacetime (M , gab).
In the construction of a model for compact objects
in metric gravitational theories one is normally forced
to relate a choice of an interior flat metric η with an
asymptotic flat metric ηasy; so the question is: how does
one choose the interior flat metric and the asymptotic
flat metric? since the choice seems to be crucial for the
construction of the model. The answer is related to the
general objective of describing the dynamical evolution
of the physical quantities of the system. In the interior
of the spacetime, we have review in section 2.1 the basic
concepts of total momentum and total angular momen-
tum; which in turn comes along with the concept of cen-
ter of mass. At future null infinity we have constructed
in references [31] and [32] the two definitions of intrinsic
angular momentum in general relativity which do not
suffer from supertranslation ambiguities. These defini-
tions of intrinsic angular momentum come along with
the corresponding definition of center of mass frame at
future null infinity. Using these center of mass frames,
we can select, at each observing asymptotic point p a
unique inertial asymptotic flat metric ηasy.
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Since the model for compact objects will intend to
relate the value of physical quantities in the interior with
value of physical quantities in the asymptotic region, one
should use in both regimes the frames which are best
related to the center of mass frames. For this reason we
next define an asymptotic flat metric coming from the
definition of center of mass at future null infinity.
5.4 The asymptotic center of mass flat
metric
We can use the definition of center of mass at future
null infinity to define a new preferred flat asymptotic
background using the invariance of the translations un-
der BMS[27] transformations. Let us see this in detail.
The set of center of mass sections[31, 32] at future null
infinity, can be used to define a retarded null coordinate
ucm. Let denote with Scm, the non-intersecting[29], one
parameter family of center of mass sections as described
in [31] or [32], then, the null congruence of null geodesics
reaching Scm orthogonally form a null hypersurface. We
define ucm to be the null function that is constant on
these null hypersurfaces and which increment adjusts to
the time generator ta = P
a
M
, where Pa is the total mo-
mentum and M the total mass. We can refer this re-
tarded null coordinate to the retarded null coordinate u˜
of an asymptotic inertial frame with:
∂u˜
∂ucm
= Vcm(ucm, ζ, ζ¯) > 0, (90)
where the time derivative of the inertial (Bondi) time
u˜ with respect to the non-inertial center of mass re-
tarded null time ucm is expressed in terms of the scalar
Vcm(ucm, ζ, ζ¯).
If one makes a decomposition of the scalar
Vcm(ucm, ζ, ζ¯) in terms of spherical harmonics; the first
four terms, with l = 0, 1, have the information of an in-
finitesimal translation, when the coordinate ucm is incre-
mented. But this information, the infinitesimal transla-
tions, is invariant under actions of the BMS group up to
order λ. This means that we can use this information to
define a center of mass asymptotic flat background. Let
us define VI as the projection of the scalar Vcm(ucm, ζ, ζ¯)
to the subspace of functions with spherical harmonic ex-
pansion only involving the l = 0, 1 terms. Then, the flat
metric ηcm defined from the line element:
ds2 = (1 − 2r V˙I
VI
) du2
cm
+ 2 ducm drcm − r
2
cm
V 2I
dS20 ; (91)
where dS20 = dζ dζ¯/P
2
0 is the metric of the unit sphere,
and V˙I =
∂VI
∂ucm
; is invariant up to order λ under BMS
actions. The natural definition of rcm comes from the
requirement to agree asymptotically with the luminosity
distance.
Notice that this flat asymptotic metric ηcm can only
coincide with an inertial (Bondi) asymptotic flat metric,
in the case of absence of gravitational radiation. Its def-
inition is dependent on the dynamical evolution of the
spacetime.
Returning to the relation of frames in the interior with
those of the asymptotic region; the use of the interior flat
metric η depends on the particular gauge set up that is
chosen, but normally all the physically useful variables
are referred to the center of mass frame[35] available.
Due to the complicated structure of the BMS asymp-
totic symmetry group, involving the infinite dimensional
supertranslation freedom, one must associate the inte-
rior defined physical variables, with those defined in the
asymptotic region which are free from supertranslation
gauge problems. For this reason one should use physical
variables defined with respect to the center of mass frame
defined in the asymptotic region[31, 32], and should also
relate the interior flat metric η with the unique asymp-
totic flat metric ηcm, presented above. Failing to make
this relation of physical variables, will involve unnoticed
dependence on supertranslation gauge issues, with un-
clear physical power of predictability and description[36].
5.5 The radiation fields in a linear space-
time
Here we consider the metric gA, which is assumed to be
asymptotically flat, and therefore it can be decomposed
in the form (35). We will use the set of null tetrads de-
scribed in subsection 5.1 and study the radiation fields
for large values of affine distance along future null direc-
tions of the flat background metric.
Our calculation of the shear gives:
σ0 = −1
2
(
ð0(h0lm) + ð0(j0lm) + h0mm
)
. (92)
It must be emphasized that our result has an extra term
involving the edth operator when compared with equa-
tion 46 of reference [37]. These computations have been
checked with REDUCE.
We have indicated before that in these kind of approx-
imations one should not focus on the concept of spin
coefficient σ, but instead should consider as more repre-
sentative of the radiation content the spin coefficient σ′.
In particular, its asymptotic leading order behavior σ′0
is independent of the gauge jab discussed above, and one
always has
σ′0 =
1
2
∂h0m¯m¯
∂u˜
; (93)
and
Ψ04 =
∂σ′0
∂u˜
; (94)
where u˜ is an asymptotic inertial null retarded coordi-
nate.
These then are the two fields that codify the appear-
ance of gravitational radiation.
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6 The appropriate dynamical
times and the balanced
equations of motion
In this section we gather together the main ideas and use
them to build the general form of the balanced equations
of motion.
Let us recall the metrics we have been using. We as-
sume that there exists an exact metric of the spacetime
of the form given in (26). We study in detail the asymp-
totic structure of the sub-metric gA (24) by disregarding
the effects of the complementary system B. We adjust
gA to model a compact object, which dynamics is af-
fected by the existence of system B, and therefore by
the geometry determined by the sub-metric gB, appear-
ing in (25).
In the calculation of the back reaction effects one mod-
els the emited gravitational radiation by considering the
asymptotic radiation fields in the metric gA; although of
course in the real world, the radiation emitted by body
A will be partially absorbed by system B, and therefore
will never reach future null infinity. But in any case we
do choose to estimate the local back reaction effects by
this method; since it is difficult to achieve a local def-
inition of gravitational radiation emitted by a compact
object.
6.1 Form of the dynamical equations in
the interior
The basic dynamics is based on the existence of a smooth
curve C(t) in the manifold, such that it is timelike with
respect to the metrics η and gB.
In analogous studies of the dynamics of charged parti-
cles in Minkowski spacetime, we have found[18] that new
degrees of freedom might be expected. In that case, the
dynamics could be presented in an equations of motion
of the form
D(v, v˙, v¨, α1, α2) = F(xµ, v, v˙); (95)
where the α’s where new degrees of freedom, and with
g(v,F) 6= 0. (96)
In the gravitational case, the balanced equations of
motion is constructed by correcting, in first order of grav-
itational radiation, the dynamics dictated by (34); where
the new right hand side will have the information of the
total radiated momentum. But observing the balanced
equation (61) at future null infinity one can notice that
the timelike component is not vanishing.
Therefore, in the interior, the balanced equations of
motion must have (at least) the structure
MA
(
va∇(B)a vb + wvb
)
(uint) = F
b(uasy); (97)
where w shows a new possible degree of freedom, and
it is emphasized that the left hand side is expressed in
terms of an interior notion of time uint, that we will fix
below, and the right hand side is expressed in terms of a
corresponding asymptotic notion of dynamical time uasy,
and where F is minus the integrated flux of gravitational
radiation on an asymptotic sphere; namely
Fµ = −FµV = −
1
4π
∫
S
lˆµ0 V˜ σ
′
0 σ¯
′
0 dS
2. (98)
The final relation between uasy and uint will be settled
in subsection 6.2 below.
Although the natural dynamical time for the seed
equation (34) is τ , for the actual numeric computation
we can also use as parameterization the proper time τ0,
with respect to the metric η. Let v and v be the cor-
responding tangent vectors to the proper times τ0 and
τ . Then the basic differential operators are vb∂bv
a or
vb∇(B)bva; where ∂b is the covariant derivative associ-
ated with the metric η.
Let us note that the two velocity vectors are propor-
tional
vb = Υvb. (99)
So that one has
1 = gB(v, v) = Υ
2gB(v,v) = Υ
2
(
1 + hB(v,v)
)
; (100)
which gives Υ in terms of v and gB.
Expressing the covariant derivative ∇(B)a of gB, in
terms of the covariant derivative ∂a of η, one has
∇(B)a vb = ∂a vb + γ ba c vc; (101)
and using the relation between the vectors v and v one
also has
va∇(B)a vb = Υ2va∂a vb +Υ
dΥ
dτ0
v
b +Υ2γ ba c v
a
v
c.
(102)
Let us introduce the notation:
a
a ≡ vb∂bva, (103)
and
f
b ≡ −γ ba c va vc −
1
Υ
dΥ
dτ0
v
b − w
Υ
v
b; (104)
so that the equations of motion can be expressed as
a
a = fa + faλ . (105)
with fµλ defined by
Mfµλ ≡
1
Υ2
Fµ. (106)
We also define f b
⊥
by
f
b
⊥ ≡ −γ da c va vc
(
η bd − vdvb
)
; (107)
which, it should be remarked, only depends on the back-
ground geometry gB and v.
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6.2 Relation between the interior and
exterior dynamics
In general, the charge integrals of the Riemann tensor
give a connection between the asymptotically defined to-
tal momentum P and the momentum P defined in the
interior for the particle. This relation is given in terms
of a metric structure just determined by gA. But the
dynamics we are looking for involves the interaction of
particle A with the background metric gB; which gener-
ates gravitational radiation that affects the dynamics.
In particular, the components of the momentum are
calculated with respect to the generators of translations;
which at infinity are the BMS translations, and in the
interior are translations of the background flat metric η.
It is a fact that when effects of gravitational radiation
are taken into account, the interior flat metric η does
not coincide with any of the infinite family of flat metrics
ηasy, which give the inertial frames at future null infinity.
Therefore, the way in which we identify translations at
infinity with translations in the interior, will not only
depend on gauge choices but also necessarily introduce
effects from gravitational radiation. Since our equations
of motion is quadratic on these effects, in the lower order
approach we will discard terms of cubic and higher order
involving gravitational radiation.
The way in which the exact expression for the left
hand side of (97) is related to the left hand side of (61)
depends on the detail of the model one is making for
the interior of the spacetime. In any case, independently
from the gauge choice one is making in the interior, we
have shown before that in order to avoid supertranslation
ambiguities one should relate physical quantities in the
asymptotic region with respect to the asymptotic center
of mass frame, with the physical quantities in the interior
region with respect to the interior center of mass frame.
As we have just noted, the notion of total momentum
described at future null infinity, can be related to the
interior notion of momentum through the linear struc-
ture of the metric gA with respect to the flat background
metric η, in the interior of the spacetime. But the time
derivative of this quantity might depend on the detailed
dynamics in the interior, with higher order information.
Let us note that Fµ is expressed in terms of an asymp-
totic retarded time and therefore as a function of V˜ ;
which, in terms of an interior dynamical time, it can be
written as
V˜ (u, ζ, ζ¯) =
∂u˜
∂u
=
1(
du
dτ
) ∂u˜
∂τ
=
1(
du
dτ
)V (τ, ζ, ζ¯); (108)
with the new notation
V =
∂u˜
∂τ
. (109)
Then, we can define the gravitational radiation force,
in terms of the τ time, by
F
µ(τ) = − 1
4π
∫
S
lˆµ0 V σ
′
0 σ¯
′
0 dS
2. (110)
This also invites to define the gravitational radiation
force, with respect to the proper time τ0; namely:
F
µ
0 (τ0) = −
1
4π
∫
S
lˆµ0 V0 σ
′
0 σ¯
′
0 dS
2; (111)
where we use the definition
V0 =
∂u˜
∂τ0
. (112)
Note that Fµ = ΥFµ0 .
After considering the general form of the balanced
equations of motion in the form
MA
(
va∇(B)a vb + wvb
)
(uint) = F
b(uasy); (97)
we choose to express the right hand side in terms of the
interior dynamical time. With this choice, the left hand
side is already expressed in terms of its natural dynami-
cal time; which simplifies the algebraic expressions, and
one needs only to consider the details of expressing the
flux force in terms of the interior time. As explained
above one should allow for a degree of freedom that re-
lates the asymptotic time with the interior one; which it
can be encoded in the quantity χ = du
dτ
. Then we express
MA
(
va∇(B)a vb + wvb
)
(τ) = F b(uasy) =
1
χ
F
µ =
Υ
χ
F
µ
0 .
(113)
Using the τ0 dynamical time on the let hand side, one
can express the equations of motion by
MA
(
v
a∂a v
b+γ ba c v
a
v
c+
( 1
Υ
dΥ
dτ0
+
w
Υ
)
v
b
)
=
1
χΥ
F
µ
0 .
(114)
It is important to remark that this natural considera-
tion for a degree of freedom relating interior and asymp-
totic dynamical times, is not necessary in the null gauge;
as we will show in a separate work.
Thus, equation (114) is the main equations of motion,
as expressed with respect to τ0. Contracting this equa-
tion with ηbdv
d gives
MA
(
γ ba c v
a
v
c ηbdv
d +
1
Υ
dΥ
dτ0
+
w
Υ
)
=
1
χΥ
F
b
0ηbdv
d;
(115)
and it remains the equations of motion
MA a
b = MA f
b
⊥ +
1
χΥ
F
d
0
(
η bd − vdvb
)
. (116)
Equation (115) is understood as an equation for w.
The main dynamical equation is then (116); where the
possible degree of freedom χ depends on the detail nature
of gauge being used. As we have said, in the case of the
null gauge that we will present in a separate article, one
has that χ = 1.
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6.3 The balanced equations of motion in
terms of orders
Our goal is to set the equations of motion for a compact
object (a particle) that takes into account the first order
back reaction due to the emission of gravitational radi-
ation. This requires to deal with the dynamics in the
interior of the spacetime and also with the gravitational
radiation defined at future null infinity.
In setting the interior geometry we have found a nat-
ural expansion in terms of the gravitational constant G.
In the asymptotic study of gravitational radiation, it
appears very naturally an expansion in terms of a quan-
tity λ that has the information on the strength of grav-
itational radiation, and is defined such that the flux of
momentum is of order λ2.
In making a link between the interior study and the
asymptotic study, it is then natural to make a double
expansion in terms of powers of G and λ. We will there-
fore refer to a (p, q) order meaning terms up to order
(Gp, λq).
Someone could say that it is unnecessary to include in
the discussion of orders the λ parameter; since actually
one could estimate the way in which the gravitational
constant appears in the radiation field. In particular,
one can deduce that since at lowest order the radiation
field is calculated from the term hA of the metric, it is
already of order G. But also, since the radiation field
is generated by the accelerated motion of the particle
in the background, it is also of order MB; which means
that λ = O(MAMB) = O(G2). Although this is true, we
prefer to keep the control parameter λ for the discussion
of orders; since it better captures the incidence of the
radiation fields in the dynamics, and also, because from
a formal point of view, the accelerations could be from
non-gravitational origin, as electromagnetic one, and we
should be able to discuss the motion for those cases too.
So we only assume that λ = O(G).
The functional form of F0 depends crucially on the
gauge one is using to relate the interior dynamics with
the asymptotic region. So, it might be that actually
F0 = F0(uasy,v, v˙); that is, the flux might also depend
on time derivatives of the velocity. Because of this we
next indicate the way the equations of motion must be
understood.
Let us observe that at first sight, the first term on
the left hand side of (114) is of order (1,0): since MA is
orderG. The other terms on the right hand side could be
considered of order (1,0) in the non-gravitational case,
or of order (2,0) in the binary case. The right hand side
depends quadratically on the radiation and therefore is
at least of order (2,2).
The idea is then, to consider first the equation up to
order G2, and calculate the acceleration at this order;
and then we proceed to calculate the flux of gravitational
radiation, that will depend on the details of the chosen
gauges, and with this, we build the complete equation
and integrate the operator va∂a v
b at order (2,2). To
work at orders of the exterior forces meas that, any pos-
sible appearance of a time derivative on the velocity, in
the flux, must be replaced by f⊥; so that in the general
case, F0 must be understood as
F0 = F0(τ0,v, f⊥). (117)
As indicated before, the details of these expressions,
depend on the preferred gauge choices.
Of course, for a specify use of the equations of motion
one should maintain the different terms at consistent or-
ders of approximation.
7 Final comments
When embarking on the construction of a model for com-
pact objects within the particle paradigm in general rel-
ativistic theories, it is natural to recur to approximation
schemes in terms of some order parameter. One knows
from the beginning that such construction will have sense
only if it is thought in terms of finite orders.
In this work we have presented the general form of the
equations of motion for particles subjected to back reac-
tion effects due to gravitational radiation by using vari-
ous choices of dynamical time. We have also pointed out
several of the issues one must handle when construct-
ing balanced equations of motion, as for example the
relation of generators of translations in the interior an
at future null infinity. These type of problems is gen-
erally overlooked in the literature. The reasons for the
usual simplifications of the descriptions is because the
subject is very complex, as has been indicated in [36].
The specific equations of motion can be calculated when
a definite field equation and a choice of gauges has been
made.
Our main basic working assumptions have been: that
the back reaction effects due to gravitational radiation
can be well represented by the calculation in the lead-
ing order effects of the particle using the unaffected null
cones; that the notion of center of mass at future null
infinity are well described by the previous works of the
authors; that to each point at future null infinity there
corresponds a center of mass flat background metric,
as described above, which must be related to the cor-
responding notion of center of mass in the interior at the
needed order of approximation; and that the first correc-
tion to the zero order equations of motion comes from the
balance of the change of momentum with the radiation of
momentum at infinity. In relation to the structure of the
particle, we have assumed that its mechanical properties
are completely determined by a constant mass and we
have disregarded possible spin and dipole contributions.
Regarding the dipole, we have remarked in section 2.2
that at zero order, particles should not be assigned any
dipole structure.
With respect to the unspecified theory of gravity that
describes the structure of the spacetime, we recall here
that in this presentation we are assuming: that isolated
objects are well represented by asymptotically flat space-
times; that the linear structure of the field equation is
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such that allows for the identification of the total mo-
mentum at infinity with the total momentum calculated
in the interior from the energy momentum tensor; that
the energy momentum tensor is conserved, that is its
divergence is zero.
Some aspects of the model presented here has cer-
tain similarities with the so called post-Minkowskian for-
malisms usually studied within the framework of Ein-
stein’s equations[38, 39, 40]. However, our approach dif-
fers from those formalisms in the way in which the equa-
tions of motion are obtained because our approach makes
use of the energy-momentum tensor and its conserva-
tion rather than obtaining them through particular field
equations. Furthermore, the post-Minkowskian formal-
ism is usually presented in the harmonic gauge, while our
presentation is independent of the chosen gauge, even
thought the fine details of the equations of motion de-
pend on each choice of gauge and field equations under
consideration.
To all this, we can add that the way in which different
gauges affect the final form of the equations of motion,
is a subject that deserves a detailed study that we will
present elsewhere. In particular, it should be stressed
that our result has been calculated with the leading or-
der geometry for the object and background; since we
have been concerned with the first order back reaction,
due to gravitational radiation. In order to improve in
the predicting power of the equations, then one should
extend the calculations to higher orders of the specific
field equations, that are being used. For example, in [41]
we present the balanced equations of motion in general
relativity in the null gauge, up to second order in the
accelerations; and in [42] we present the corresponding
balanced equations of motion in the harmonic gauge in
first order of the accelerations and field equations.
It is important to remark that in analogy to what we
have found in the case of charged particles in Minkowski
spacetime, there are at least two further degrees of free-
dom involved in the dynamics. Although the w degree
of freedom might be associated to whether one wants to
consider a constant mass parameter or not for the parti-
cle; the best choice for w depends on the gauge one has
chosen.
Furthermore, particular gauge choices might involve
new degrees of freedom; as we will show in separate
works.
The fact that the final form of the equations of motion
is dependent on the choice of gauges for the calculations,
should not be understood in a negative way; on the con-
trary, it is the natural expectation for a finite degree
of freedom model intended to represent and infinite de-
gree of freedom system. However from the astrophysical
point of view there is a general believe that the main ob-
servational properties in the collapsing phase of compact
object system, might be well represented by models with
finite degrees of freedom. From another point of view,
models with finite degrees of freedom might provide well
approximated initial data to be used in full numerical
calculations for the final stages of collapse.
This approach to the equations of motion can be gen-
eralized in a number of ways. The natural next topic
that we plan to deal is the introduction of spin for the
particles. This and other issues will be dealt in future
works.
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